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This paper concerns the threshold of global existence and ﬁnite time blow up of
solutions to the time-dependent focusing Gross–Pitaevskii equation describing the Bose–
Einstein condensation of trapped dipolar quantum gases. Via a construction of new cross-
constrained invariant sets, it is shown that either the corresponding solution globally exists
or blows up in ﬁnite time according to some appropriate assumptions about the initial
datum.
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1. Introduction
In this note, we consider the following time-dependent focusing Gross–Pitaevskii equation⎧⎨
⎩
iut = −1
2
u + 1
2
|x|2u + λ1|u|2u + λ2
(
K ∗ |u|2)u,
u(0) = φ(x),
(1.1)
where λ1 < 0 and λ2 < 0 are two physical constants, φ(x) is a given smooth function on the 3-dimensional Euclidean
space R3, and
K (x) = x
2
1 + x22 − 2x23
|x|5 , for x = (x1, x2, x3) ∈ R
3,
is a pseudo-potential. The geometrically more interesting expression of K (x) is
K (x) = 1− 3cos
2 θ
|x| ,
where θ stands for the angle between the point x ∈ R3 and the dipole axis n ∈ R3, |n| = 1, i.e.,
cos θ = x · n|x| .
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for (1.1) is that it describes the corresponding Bose–Einstein condensates within the realm of the Gross–Pitaevskii (mean
ﬁeld) approximation. For more background, one can refer to [8,3,14,7,12,2,16]. Yi and You [16] have ﬁrstly introduced a
pseudo-potential appropriate to describe such systems. To our knowledge, the ﬁrst rigorous mathematical study of (1.1) is
the work [4] of R. Carles, P. Markowich, and C. Sparber, where the authors give interesting results about the global existence
of solutions and ﬁnite time blow up criterion even in defocusing case under suitable assumption for the constants λ1 and λ2
(see Theorem 5.2 there). In particular, they have obtained a complete global existence result for (1.1) when λ1  4π3 λ2  0
(see Theorem 4.4 in [4]). An interesting question is to ﬁnd new threshold criterion for (1.1), which guarantees the ﬁnite time
blow up in the region λ1 < 4π3 λ2. We have some progress in [11] about this question where the sharp threshold criterion
is obtained based on a construction of invariant sets of (1.1) when λ1 < 4π3 λ2 (see the remark before Theorem 7 below).
In this paper, supposing λ1 < 0 and λ2 < 0 satisfy λ1 < 4π3 λ2 and using the idea in [10] (see also [11,15,1,7,5,13,17]), we
further ﬁnd other new invariant sets to get the sharp threshold of global existence and ﬁnite time blow up for the solution
(as deﬁned in [4]) for (1.1). Our main result is Theorem 7 in the last section.
The paper is then organized as follows. We ﬁrstly collect several useful properties of the dipolar kernel and the solutions
of (1.1) in Section 2. In Section 3, we establish the invariant sets and get the threshold for the global existence and ﬁnite
time blow up results of the solutions for (1.1). We shall denote
∫
R3
f (x)dx by
∫
f for simplicity in the sequel. We shall
follow some notations from [4]. For example, ‖ · ‖L2 stands for the norm in the space L2(R3) and C represents various
uniform constants.
2. Preliminaries
We recall some interesting results from [4] for our later use.
Recall that the Schwartz space S(R3) is the space of all C∞ functions on R3 which, together with all their derivatives,
die out faster than any powers of x ∈ R3 at inﬁnity. Given a function u ∈ S(R3). Deﬁne the Fourier transform of u (see [9])
as
uˆ(ξ) =
∫
R3
eix·ξu(x)dx, for ξ = (ξ1, ξ2, ξ3) ∈ R3.
Then in [4], it is computed that
Kˆ (ξ) = 4π
3
(
3
ξ23
|ξ |2 − 1
)
.
We now restate Lemma 2.1 in [4].
Lemma 1. The linear operatorK : u → K ∗ u can be extended as a continuous operator from Lp(R3) to Lp(R3) for all 1 < p < ∞.
Next we introduce an energy space associated with the linear case λ1 = λ2 = 0 of (1.1):
Σ = {u ∈ L2(R3): ‖u‖2L2 + ‖∇u‖2L2 +
∥∥|x|u∥∥2L2 < ∞}.
Then we cite the following result from [4] about the local and global well-posedness of (1.1) (see Proposition 3.4 and
Cor. 4.1 there).
Proposition 2. For λ1, λ2 ∈ R, φ ∈ Σ , there exists a T ∗(‖φ‖Σ) such that (1.1) has a unique maximal solution
u ∈ {u ∈ C([0, T ∗),Σ); u, |x|u,∇u ∈ C([0, T ), L2(R3))∩ L 83 ([0, T ), L4(R3))}.
It is maximal in the sense that if T ∗ < ∞, then
‖∇u‖L2 → ∞ as t → T ∗.
Moreover, the mass M(u) (the square of L2 norm of the solution u) and the energy E(u) are conserved for t ∈ [0, T ∗). Namely,
M(u) := ‖u‖2L2 = ‖φ‖2L2 (2.1)
and
E(u) := 1
2
∫
|∇u|2 + 1
2
∫
|x|2|u|2 + λ1
2
∫
|u|4 + λ2
2
∫ (
K ∗ |u|2)|u|2 = E(φ).
Next we recall the following (see the proof of Theorem 5.2 in [4]).
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J (t) =
∫
|x|2|u|2.
Then
J ′′ = 2
∫
|∇u|2 − 2
∫
|x|2|u|2 + 3λ1
∫
|u|4 − λ2
∫ [
(∇K · x) ∗ |u|2]|u|2.
3. Main theorems
In this section, we always assume that λ1 < 4π3 λ2 < 0. Recall that
Kˆ (ξ) = 4π
3
(
3
ξ23
|ξ |2 − 1
)
:= Kˆ .
Then we always have
λ1 + λ2 Kˆ < 0.
Deﬁne a cross manifold in Σ ,
Ω = {u ∈ Σ \ {0}, G(u) = 0},
where
G(u) = ‖u‖L2 +
1
2
∥∥|x|u∥∥2L2 + λ12 ‖u‖4L4 +
λ2
2
∫ (
K ∗ |u|2)|u|2. (3.1)
Lemma 4. For λ1 < 4π3 λ2 < 0, Ω is not empty.
Proof. Fix u 
= 0 in Σ . Let μ > 0. Then we have
G(μu) = μ‖u‖L2 +
μ2
2
∥∥|x|u∥∥2L2 + μ4
[
λ1
2
‖u‖4L4 +
λ2
2
∫ (
K ∗ |u|2)|u|2
]
. (3.2)
As in [4], set ρ = |u|2. Then we have
‖u‖4L4 =
∫
|u|4 dx =
∫
|ρ|2 dx = 1
(2π)3
∫
|ρˆ|2 dξ
and ∫ (
K ∗ |u|2)|u|2 = 1
(2π)
3
2
∫
K̂ ∗ |u|2ρˆ dξ = 1
(2π)3
∫
Kˆ |ρˆ|2 dξ.
Since λ1 + λ2 Kˆ < 0, we have
λ1
2
‖u‖4L4 +
λ2
2
∫ (
K ∗ |u|2)|u|2 < 0.
For μ > 0 small, the leading term in (3.2) is the ﬁrst one, which is positive. For μ > 0 large, the leading term is the last one,
which is negative. Hence, when μ ranges from 0 to ∞, we know that G(μu) ranges continuously from a positive number
to −∞. Thus, by the mean value theorem, there is at least one zero point μ0 > 0 of G(μu). Thus we have proved the
lemma. 
Next we introduce a minimization problem, which will play an important role in the construction of invariant sets to
(1.1).
Theorem 5. Consider the minimization problem
d = inf
u∈Ω
1
2
‖∇u‖2L2 . (3.3)
Then d > 0.
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‖u‖L2 +
1
2
∥∥|x|u∥∥2L2 = −λ12 ‖u‖4L4 −
λ2
2
∫ (
K ∗ |u|2)|u|2.
By Lemma 1 and Hölder inequality, we have∫ (
K ∗ |u|2)|u|2  ∥∥K ∗ |u|2∥∥L2
∥∥|u|2∥∥L2  C1‖u‖4L4 .
Applying the Gagliardo–Nirenberg inequality (see [15,6]) we get
‖u‖L2 +
1
2
∥∥|x|u∥∥2L2  C1‖u‖L2‖∇u‖3L2  C1
(
‖u‖L2 +
1
2
∥∥|x|u∥∥2L2
)
‖∇u‖3L2 .
Thus we obtain
‖∇u‖2L2 
1
C
2
3
1
> 0,
which implies that d > 0. 
We now recall a result from [10] which gives us invariant sets of (1.1).
Lemma 6. Let F (u),G(u) be two continuous functions on Σ and f (x, y) be a continuous function on the plane R2. Set
dˆ = inf{u∈Σ\{0},G(u)=0} F (u).
Assume that dˆ > 0. If
G(u) = 0 implies that F (u) f (‖u‖L2 , E(u)),
then the sets
K+ =
{
u ∈ Σ \ {0}; G(u) > 0, f (‖u‖L2 , E(u))< dˆ}
and
K− =
{
u ∈ Σ \ {0}; G(u) < 0, f (‖u‖L2 , E(u))< dˆ}
are invariant manifolds of (1.1).
Below, we let
F (u) = 1
2
‖∇u‖2L2 ,
f
(‖u‖L2 , E(u))= ‖u‖L2 + E(u),
and dˆ = d. The corresponding invariant sets are still denoted by K+ and K− . We remark that in the construction of invariant
sets in [11], the function
f
(‖u‖L2 , E(u))= τ‖u‖2L2 + E(u)
with τ > 0 is used.
Theorem 7. Assume that φ ∈ Σ and λ1 < 4π3 λ2 < 0. Then we have the following conclusions.
(1) Both K+ and K− are non-empty.
(2) For the initial data φ ∈ K+ , the solution u(t) of the Cauchy problem (1.1) is global in time, and for the initial data φ ∈ K− , the
solution u(t) of the Cauchy problem (1.1) blows up in ﬁnite time.
Proof. (1) On one hand, from the proof of Lemma 4 we know that for any nontrivial u ∈ Σ , we can choose small μ > 0
such that G(μu) > 0. At the same time, since d > 0, we can take μ > 0 small enough such that ‖μu‖L2 + E(μu) < d. This
implies that K+ is non-empty. On the other hand, if we choose μ > 0 large enough, then ‖μu‖L2 + E(μu) → −∞. Then we
have both G(μu) < 0 and ‖μu‖L2 + E(μu) < d, which implies that K− is also non-empty.
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G(u) = ‖u‖L2 +
1
2
∥∥|x|u∥∥2L2 + λ12 ‖u‖4L4 +
λ2
2
∫ (
K ∗ |u|2)|u|2 > 0
and
‖u‖L2 +
1
2
‖∇u‖2L2 +
1
2
∥∥|x|u∥∥2L2 + λ12 ‖u‖4L4 +
λ2
2
∫ (
K ∗ |u|2)|u|2 < d.
The above two inequalities imply that
1
2
‖∇u‖2L2 < d.
By this uniform bound, we know that the solution of (1.1) is global in time.
If φ ∈ K− , then G(u) < 0 and ‖u‖L2 + E(u) < d. For each ﬁxed u and for μ > 0 small, we have
G(μu) = μ‖u‖L2 +
1
2
μ2
∥∥|x|u∥∥2L2 + μ4
[
λ1
2
‖u‖4L4 +
λ2
2
∫
K ∗ |u|2|u|2
]
= μ4
[
1
μ3
‖u‖L2 +
1
2μ2
∥∥|x|u∥∥2L2 + λ12 ‖u‖4L4 +
λ2
2
∫ (
K ∗ |u|2)|u|2
]
> 0.
Since G(u) < 0, we know that there exists a μ∗ ∈ (0,1) such that
G
(
μ∗u
)= 0,
i.e.,
‖u‖L2 +
1
2
μ∗
∥∥|x|u∥∥2L2 + μ∗3
[
λ1
2
‖u‖4L4 +
λ2
2
∫ (
K ∗ |u|2)|u|2
]
= 0. (3.4)
By the deﬁnition of d, we have
‖u‖L2 + E(u) < d
1
2
∥∥∇(μ∗u)∥∥2L2 ,
which implies that
μ∗2 − 1
2
‖∇u‖2L2 > ‖u‖L2 +
1
2
∥∥|x|u∥∥2L2 + λ12 ‖u‖4L4 +
λ2
2
∫ (
K ∗ |u|2)|u|2.
Substituting (3.4) into the above inequality, we have
μ∗2 − 1
2
(‖∇u‖2L2 +
∥∥|x|u∥∥2L2)> 1− μ
∗3
2
[
λ1
∫
|u|4 + λ2
∫ (
K ∗ |u|2)|u|2
]
.
Since μ∗ ∈ (0,1), we know that
1
2
(‖∇u‖2L2 +
∥∥|x|u∥∥2L2)< − 1− μ
∗3
2(1− μ∗2)
(
λ1
∫
|u|4 + λ2
∫
K ∗ |u|2|u|2
)
= − 1− μ
∗3
2(1− μ∗2)
1
(2π)3
∫ (
λ1 + λ2 Kˆ (ξ)
)|ρˆ|2(ξ)dξ. (3.5)
Recall that by Lemma 3,
1
4
J ′′(t) = 1
2
‖∇u‖2L2 −
1
2
∥∥|x|u∥∥2L2 + 3λ14 ‖u‖4L4 −
λ2
4
∫ [
(∇K · x) ∗ |u|2]|u|2.
Noticing that
∇̂K · x = −3Kˆ (ξ) − ξ · ∇ Kˆ (ξ) = −3Kˆ (ξ),
we get that
−λ2
∫ [
(∇K · x) ∗ |u|2]|u|2 = −λ2 1
3
∫
∇̂K · x|ρˆ|2 dξ = 3λ2 1
3
∫
Kˆ |ρˆ|2 dξ.4 4 (2π) 4 (2π)
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1
4
J ′′ = 1
2
‖∇u‖2L2 −
1
2
∥∥|x|u∥∥2L2 + 34
1
(2π)3
∫
(λ1 + λ2 Kˆ )|ρˆ|2(ξ)dξ
<
(
1− μ∗3
μ∗2 − 1 +
3
2
)
1
2(2π)3
∫
(λ1 + λ2 Kˆ )|ρˆ|2(ξ)dξ.
Let
h
(
μ∗
)= 1− μ∗3
μ∗2 − 1 +
3
2
= −1− 2μ
∗3 + 3μ∗2
2(μ∗2 − 1) .
For μ∗ ∈ (0,1), it is easy to check that h(μ∗) > 0.
We now claim that there exists a uniform constant b ∈ (0,1) such that μ∗  b < 1. To prove this, note that
f (u) = |u|L2 + E(u) =
1
2
|∇u|2 + G(u) = f (φ) < d,
and by G(μ∗u) = 0 and f (μ∗u) d,
f (u) − d f (u) − f (μ∗u)= 1
2
|∇u|2(1− μ∗2)+ G(u). (3.6)
If μ∗ → 1, then we have
G(u) → 0.
However, we know by (3.6) that
G(u) f (u) − d + o(1) = f (φ) − d + o(1) < 0.
A contradiction. Then the claim has been proved.
We may also claim that J ′′ < −c < 0 for some uniform constant c > 0. For otherwise, we have∫
(λ1 + λ2 Kˆ )|ρˆ|2(ξ)dξ → 0.
By (3.5) and the uncertainty principle we know that
‖u‖L2 → 0,
which is a contradiction with the fact that ‖u‖L2 is preserved. Once we have J ′′ < −c < 0, we know that the solution blows
up in ﬁnite time. This completes our proof of Theorem 7. 
Remark 8. We point out that one can choose different K+ given in Lemma 6 by
K+ = {u ∈ Σ \ {0}; G(u) 0, f (‖u‖L2 , E(u))< dˆ}
for a different function f . This new K+ is still invariant and solutions with initial data in K+ is global in time. For example,
letting
f
(‖u‖L2 , E(u))= τ‖u‖L2 + E(u)
with τ > 0 in Lemma 6, we can obtain more invariant sets and blow up results similar to Theorem 7. Since the modiﬁcation
is apparent, we omit the detail.
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